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ABSTRACT The normal-mode analysis of fluorescence redistribution after photobleaching, introduced for the
characterization of lateral diffusion on spherical membrane surfaces, has been generalized and extended to other
surface geometries. Theoretical expressions are derived for the characteristic values and orthogonal characteristic
functions of the diffusion equations for cylindrical surfaces, ellipsoids of revolution and dimpled discoidal surfaces. On
the basis of these results, a simple analytical function is proposed as an empirical solution for the analysis of
photobleaching data on a variety of discoidal surfaces. Special experimental and computational methods for
determining the surface-diffusion coefficient are
erythrocyte membranes.
INTRODUCTION
In recent years, fluorescence redistribution after photo-
bleaching (FRAP) has been widely applied to the study of
lateral diffusion processes in biological membranes. (For
recent reviews, see references 1-5). The technique uses
brief intense laser light pulses to introduce spatially non-
uniform distributions of fluorescent probe. The subsequent
redistribution after bleaching is monitored with attenuated
laser illumination.
The experimental and analytical approaches best
employed in a given case are governed to a large extent by
the sample geometry. With large, flat membranes or long
filaments, one can treat the sample as infinite in extent.
Employing localized spot bleaching (6, 7) or extended
pattern bleaching (8-11), one models the recovery process
as one-dimensional or two-dimensional diffusion in a rec-
tangular coordinate system without outer boundaries. The
general solution for the concentration distribution is a
Fourier integral over the spatial Fourier components, with
the spatial profile of the initial bleached spot or pattern
determining the characteristic distance for diffusion.
For bounded membrane surfaces of sufficient symmetry
and regularity, one can take a different approach. Taking
boundary conditions into account, the general solution for
the concentration reduces to a sum over discrete orthogo-
nal characteristic functions. Suitably defined moments of
the concentration distribution decay exponentially with
relaxation rates proportional to diffusion coefficient D, and
inversely proportional to the square of the size of the
membrane. This normal-mode analysis was developed for a
spherical surface (12), and applied to the measurement of
diffusion on osmotically swollen and mutant spherocytic
erythrocytes (13, 14), and osmotically swollen cuprizone-
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described, and demonstrated with data for lipid diffusion in
induced giant mitochondria (15). Here, the normal-mode
analysis is extended to surfaces of other geometries. One
immediate objective of this analysis is to improve the
characterization of diffusion on discoidal membrane sur-
faces such as normal erythrocytes and sperm cell heads.
Detailed experimental results will be presented elsewhere
(Biirkli et al., submitted for publication).
Sections below present the following approach to the
problem: The normal-mode analysis is first recast in
general terms applicable to a coordinate surface of any
orthogonal curvilinear coordinate system (see the section
entitled General Principles). Explicit solutions are then
derived for several specific geometries (see the sections
entitled Cylindrical Surfaces, Ellipsoids of Revolution, and
Other Discoidal Surfaces). Finally, experimental and com-
putational methods are described, and illustrated with data
on normal discoidal human erythrocytes (see the Experi-
mental Methods and Results section).
GENERAL PRINCIPLES
We choose a system of orthogonal curvilinear coordinates
G) 42i 43, such that the surface in question corresponds to
one of the coordinate surfaces, e.g., {, = constant. The
concentration of molecules on the surface, c(Q2, 46, t), is
governed by the diffusion equation
aCc(2, 6, t) = DV 2C(42, 6, t)
LD a lh3 ac a /h2 ac\
h2h3 [02 h2 042 3 h3 0( /J
(1)
where h2 and h3 are scale factors for 42 and 46 respectively,
defined so that a change dtn in a coordinate produces a
$1.00 337
displacement hnd4, cm along the coordinate line.' For
simplicity, we specify further at this point that the concen-
tration is independent of 46 initially (e.g., azimuthally
symmetric), so that it is a function of only 42 and t for all
time. For specific cases below, we will be able to relax this
constraint.
Eq. 1 is solved for c(42, t) by the method of separation of
variables, giving the general solution
C(Q2, t) = IAnSM (42)e I
n
(2)
where characteristic functions SA(42) and separation con-
stants kn are solutions of a simplified Sturm-Liouville
equation (reference 16, p. 719)
d [h3 dS(2)] 2S(
d42 [h2 d42 J+ h2h3k SU2 == 0.- (3)
Coefficients An are determined by the particular initial
(postbleach) concentration distribution, c(42, 0).
In the normal-mode analysis, it is not necessary to
specify a particular functional form of c(42, 0). Rather, we
define, and measure, the Qth moment of the distribution
MQ(t) fC(Q2, t)S9 (42)h2h3d42* (4)
By the orthogonality property of the characteristic func-
tions (see Appendix), we then have
M0(t)a Age Dk.t(5)
For a general mixed population of surface molecules with
different diffusion characteristics, Mq(t) would be a sum or
distribution of exponentials with weight constants propor-
tional to the relative fluorescence intensities of the dif-
ferent components.
CYLINDRICAL SURFACES
We consider diffusion on the surface of a cylinder of
uniform but arbitrary cross section of circumference L (see
Fig. 1 a). We associate 46 with the coordinate along the
axis of the cylinder. Hence, h3 = 1. 42 is taken as the
angular coordinate mapping the path around the cylinder,
with h2 an arbitrary function of 42. It is convenient to
introduce a normalized coordinate X (O s X < 1) marking
the contour length around the cylinder, so that dX =
h2d42/L. Eq. 3, in this case, reduces to
S(X) + k2L2S(X) = 0, (6)
'The expression for the Laplacian in the second part of Eq. 1 is derived
from the standard expression for the gradient (see reference 16, Eq.
1.4.2), coupled with the expression for the divergence on a surface, div J =
(I/h2h3)[O(h3J2)/O02 + 3(h2J3)/aVfl, derived from the definition div J
limarea-O [JJ * ds/areaj, analogous to the derivation of Eq. 1.4.6 of
reference 16 for three dimensions.
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FIGURE 1 Coordinate systems introduced for various membrane geom-
etries: (a) general cylindrical surface, (b) prolate ellipsoid of revolution,
(c) oblate ellipsoid of revolution, (d) general discoidal surface.
independent of h2; i.e., independent of the shape of the
cross section. In accordance with physical intuition, this is
equivalent to the problem of one-dimensional diffusion
with periodic boundary conditions, giving (according to
Eqs. 2 and 6)
c(X, t) = Z An exp (ikLX -Dk't),
n- --
(7)
with
knL = 2irn.
ELLIPSOIDS OF REVOLUTION
Consider an ellipse of eccentricity e (O < e < 1), defined as
the ratio of the interfocal distance (2d) to the major axis
(2a). Rotation of the ellipse about the major axis produces
a prolate ellipsoid of revolution, a coordinate surface (4, =
constant) of prolate spheroidal coordinates. Likewise, rota-
tion of the ellipse about the minor axis produces an oblate
ellipsoid of revolution, a coordinate surface (4, = constant)
of oblate spheroidal coordinates. In both cases, the coordi-
nate 42 now corresponds to q, the normalized projection
distance (-1 < n < 1) along the unique axis of symmetry
(the major axis for prolate ellipsoids, the minor axis for
oblate ellipsoids; see Figs. 1 b, c). 4, is equated to X, the
azimuthal angle about this axis. We then have (reference
16, pp. 661-662)
I-_ e2772 1/2h2= a
-1122]
h3 = a(l _ I2)1/2 (1 - 2)1/2
(8a)
(8b)
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for prolate coordinates, and
h2= a[- I_ 2) 1/2 (8c
h3= a (1 _2)1/2 (8d
for oblate coordinates.
Eq. 1 is separable in t, v, and ck. The general solution is
c(O, , t) = An, Sn (v)eime Dk (9
n.m
where Snm(17) and kn are solutions of the equation
d [ (I rn2) dS(n1)
d,q (I jqv)1/2 dq
+ [k2a2 - ( - 2)( - 2)] (I - 2n12)"'2S (v) = 0, (IOa)
for prolate ellipsoids, and
d (I(1-2) dS(n)
d,q [I 2(l- q2)1'/2 dq
+ [k2a2 (1 rn] [1 - E2(l - n2)]/2 S(1) = 0 . (lOb)
for oblate ellipsoids.
Limiting Cases-Spheres and Disks
To solve Eqs. 1Oa, b for ellipsoids of general eccentricity,
we first examine the simpler solutions in certain limiting
cases. As 62 - 0, keeping the major axis constant, both
prolate and oblate ellipsoids become spheres of radius a. In
this limit, both Eqs. lOa and lOb reduce to
d [1-)dS2+[k2a2- m ]sn=O (11)
The solutions are the associated Legendre polynomials
[P"'(17)] with k"2a2 = n(n + 1), as expected (12, 17, 18).
As E2 __ 1, again keeping the major axis constant, oblate
ellipsoids become disks of radius a. This limit is of practical
interest for even functions of 1, which can be expressed as
functions of p = (1 _ q2)1/2, the normalized radial distance
(see Fig. 1 c). Eq. lOb then reduces to
d [d 1 2 m21 =
d [PdS(P)j + p1ka -a2 ]S(P) = ° (12)
in the f2 1 limit. The solutions are Jm(kap), the Bessel
functions of order m (19, 20). The separation constant k is
limited to the series of discrete values for which dJm(kap)/
dp = 0 at p = 1, establishing the disk boundary as
impermeable to diffusion (20). For J0(kap), this gives (19)
ka = 3.83, 7.02, 10.17, 13.32, ...
Approximate Solutions
Approximate solutions of Eqs. 10a, b are derived below in
) two different ways. Deviations from e2 = 0 are incorporated
into Legendre polynomial expansions of S(17) and k2a in
l) powers of E2. Deviations from e2 = 1 are derived through
perturbation calculations. For simplicity, all further calcu-
lations are for azimuthally symmetric concentration distri-
butions (i.e., m = 0 in Eqs. 9 and 10).
Legendre Polynomial Expansions
The Legendre polynomials, Pn(n), form a complete orthog-
onal set on the interval -1 < X < 1. We can thus expand
the functions Sg(17) as sums of Legendre polynomials
SQ(r1) = EbnPn(7P), (13)
where the prime indicates a sum over all odd positive
integers for 9 odd, and all even nonnegative integers for Q
even. For all n . 9, we expand coefficients b0 in powers of
C2
(14)2hbn/bq = EZ dn,2hE2*
n-I
consistent with the E2- 0 limit (see above). Similarly, we
expand k2a2 in power of c2, i.e.,
co
k'a2= 9(9 + 9) + Eq2nn .
n-I
(15)
To solve for coefficients dn2h and q2n, substitute Eqs.
13-15 back into Eqs. 1 Oa or lOb, and recast to the form of
a double expansion
(16)IEf,2 PN(OE)E =- .
i j-o
Since Eq. 16 must hold for all values of e, we can set each
expression for
gj- E,fi,2jPA()
individually to zero. Furthermore, by the orthogonality of
the Legendre polynomials, we must havef2j = 0, for all i
and j. Expressing each f,,2j as analytical functions2 of the
q2n's and dn,2h's, and setting each to zero starting with the
smallest values of i and j and progressing through all
relevant i's for each value of j, we can solve for the
unknown parameters sequentially. This was accomplished
for the first-order prolate function, and the second-order
2In practice, analytical expressions were first derived for coefficients gj in
Eq. 16. Each of these is a sum of products of the unknown parameters,
Legendre polynomials, and the first and second derivatives of Legendre
polynomials. Expressions for 1i2j as functions of ld,,2AJ and {q2j1 were
derived through numerical integration:f,2j = [(2i + 1)/2] | II
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prolate and oblate functions for all terms up to the order of
e8. The numerical results are listed in Table I.
The solid curves in Figs. 2-5 are theoretical values of
k'a2 (Figs. 2, 3) and Sq(n) (Figs. 4, 5) calculated according
to Eqs. 13-15 and Table I, incorporating all terms up to
order E8. These results are exact for E2 = 0, and can be
expected to be quite good for E'1 << 1. As e2 , 1, however,
significant deviations can be expected in some cases. This is
most evident for the second-order function on oblate
ellipsoids, where comparisons can be made to exact solu-
tions for the surface of a disk. In Fig. 3, the upper solid
curve for k2a2 is seen to fall well below the exact value of
14.68 for a disk (the upper dashed line) at E2 = 1. Similarly,
the lowermost solid curve in Fig. 5 is significantly above
the exact zeroth-order Bessel function solution for a disk
shown as the dashed curve.
Perturbation Calculations
To obtain solutions reliable for 2 near 1, we transform Eqs.
lOa, b to the form
V'S(x) + (k2a2 - U) S(x) = 0, (17)
and apply standard perturbation methods solved by succes-
sive approximation (reference 16, Eqs. 9.1.15, 9.1.16). The
results are functions of the known eigenvalues and eigen-
functions of the unperturbed operator V2, and numerical
integrals over products of pairs of eigenfunctions and the
perturbation operator U.
For the operator V2 we use the Laplacians for rods and
FIGURE 2 Eigenvalues for first-order characteristic function on the
surface of a prolate ellipsoid as function of eccentricity e and the
corresponding major to minor axial ratio a/b = (1 (2)-2.-, expansion
in powers of (2 according to Eq. 15 and Table I, including terms up to the
order of 8. E, perturbation calculation based on Fourier series solution for
a rod (Eqs. 18a, 19a). -.-, expansion in powers of E2 adding residual E'
term with coefficient q, (see Table I) chosen to give the same (2 = 1
intercept as the perturbation calculation. - - -, limiting values for a sphere
and a rod; 2.0 and (,r/2)2 respectively.
disks
72S(1 ) _d2S(n)
V0S dq2 (1 8a)
TABLE I
COEFFICIENTS FOR SR(f) AND kQa2
Q 1 2 2
Prolate/Oblate Prolate Prolate Oblate
qo 2.0 6.0 6.0
q2 0.8 2.86 3.14
q4 0.349 1.45 1.73
q6- 0.165 0.76 0.985
q8 0.085 0.411 0.575
ql R0.160 0.675 2.25
*dQ-2.2 X 102 NAt 6.7 -6.7
d x-24X102 NA 2.5 -3.9
dQ26 X 102 NA 1.1 -2.4
d28X 102 NA 0.56 -1.5
d,+22 X 10 -1.2 -1.96 1.96
de+24 X 10 -0.371 -0.89 1.07
d +2,6 X 10 -0.139 -0.44 0.62
d X 10 -0.062 -0.23 0.37
dQ+44 X 102 2.25 1.08 1.07
dQ+46 X 102 2.07 1.02 1.13
dQ+48 X 102 1.43 0.77 0.94
d,+66 x 104 -1.6 -4.3 4.4
d+6x8x 104 -1.3 -5.8 7.2
dg,8, x I -1.8 0.99 1.23
*d,u-= Ofor2h<n - m.
lNA, not applicable.
for prolate ellipsoids, and
i d [d
VIS(P) =- p S(p)
p dp dp
for oblate ellipsoids. Combining Eqs. 10,
corresponding perturbation operators are
US(v-) =2 +(1-)X +o
(18b)
17, and 18, the
(I _ 2) + (I1_(2v + n') dS(n)
(1_ E2,q2)2 dq
for prolate ellipsoids, and
US(p) (1I- 'E2)f 2 2 + (I dS(P)]I(=(-2[_e +(1 _ E2p2)2 dp
for oblate ellipsoids. Note that
(1 9a)
(19b)
12im US(p) = 0
for oblate ellipsoids, but not for prolate ellipsoids. While
oblate ellipsoids become disks in this limit, prolate ellip-
soids become rodlike, but never adopt the uniform profile
of a true rod. Nevertheless, the perturbation calculations
converge perfectly well for prolate ellipsoids near E2 = 1.
The results of these calculations (incorporating the first
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FIGURE 3 Eigenvalues for second-order characteristic functions on the
surfaces of prolate and oblate ellipsoids. -, expansion in powers of E2
according to Eq. 15 and Table I, including terms up to the order of {8 for
oblate (top) and prolate (bottom) ellipsoids. 0, perturbation calculation
for oblate ellipsoids based on zeroth-order Bessel function solution for a
disk (Eqs. 18b, 19b). , perturbation calculation for prolate ellipsoids
based on Fourier series solution for a rod (Eq. 1 8a, 19a). -.-, expansions
in powers of E2 adding residual "' terms with coefficients qR (see Table I)
chosen to give the exact E2 = 1 intercept for the oblate ellipsoid, and the
same f2 = I intercept as the perturbation calculation for the prolate
ellipsoid. x, empirical values for oblate ellipsoids calculated according to
Eqs. 20. ---, limiting values for a sphere, rod, and disk; 6.0, w2, and 14.68,
respectively.
10 to 20 eigenfunctions and eigenvalues of V2, and carried
through to the fifth-, sixth- or seventh-order approxima-
tion, depending upon conditions) are shown in Figs. 2-4.
The results for prolate ellipsoids (the *'s in Figs. 2-4) are
seen to be in reasonably good agreement with the corre-
sponding results of the Legendre polynomial expansion
(the solid curves) over the entire range of a2. The deviations
between the values for k2a2 that do exist near E2 = 1 can be
largely incorporated into residual terms, qRf10 added onto
the power series expansions (see Table I for values of qI).
The results including this residual term (shown as -- in
Figs. 2 and 3) are upper bounds for k2a2.
Note that empirically, k2a2 for oblate ellipsoids is nearly
equal to the decay rate that one would have on the surface
of a sphere with equal circumferential contour (2L), i.e.,
k!a2 = n(n + 1) (7ra/L)2 (20a)
with
Lla = E(7r\sin-' e) (20b)
where E(e\5) is the elliptic integral of the second kind
(21)
E(0\V) =f (1-sin2 6 sin2 0')'1/2d'. (20c)
FIGURE 4 First- and second-order eigenfunctions for prolate ellipsoids.
-, Legendre polynomial expansions calculated according to Eqs. 13 and
14 and Table I, incorporating terms up to order e. The top two curves are
first-order functions for E2 = 1 (top), and e2 = 0 (bottom). For these
functions, one would have S, (-nq) = -S&(). The bottom two curves are
second-order functions for E2 = I (top) and E2 = 0 (bottom). For these
functions, S2(-q7) = S2(,q). *, corresponding results of perturbation
calculations based on Fourier series solution for a rod (Eq. 18a, 19a). All
functions are normalized to give Sj(n) = 1 at n = 1.
The x's in Fig. 3 are values of k'a2 calculated according
to Eqs. 20 as a function of E2. The value is exact, of course,
for the limit of a sphere (a2 = 0). It is also surprisingly
accurate for the opposite limit of a disk (a2 = 1). In fact,
this accuracy extends to all higher-order values of k2a2 as
well. The first few values of k2a2 (for even values of n)
calculated from Eq. 20a with L = 2a are: 14.804, 49.348,
103.631, 177.653, 271.414, .... The corresponding values
calculated from boundary conditions on the zeroth-order
FIGURE 5 Second-order eigenfunctions for oblate ellipsoids. -,
Legendre polynomial expansions calculated according to Eqs. 13 and 14
and Table I, incorporating terms up to order es, for E2 = 0 (top), ,2 = 0.75
(middle), and E2 = 1.0 (bottom). ---, exact zeroth-order Bessel function
solution for a disk. 0, corresponding empirical curves calculated accord-
ing to Eqs. 20, 24a, and 25, for E2 = 0 (top), (2 - 0.75 (middle), and U2 =
1.0 (bottom). All functions are normalized to give S2(p) = 1 at p = 0.
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Bessel function for a disk (see above) are: 14.682, 49.219,
103.499, 177.521, 271.282, ....
OTHER DISCOIDAL SURFACES
Consider a general discoidal surface of radius a centrosym-
metric about the mid-plane perpendicular to the axis of
symmetry (see Fig. 1 d). We can map out the surface with
two coordinates: 42 = X, the normalized (0 < X < 1) contour
distance on the membrane surface measured radially from
the top-center; and 6 = 0, the angular coordinate about
the axis of symmetry. Correspondingly, we have h2 = L,
the contour distance to the bottom-center (X = 1) of the
disk, and h3 = ap(X), where p is the normalized radial
coordinate introduced above. In this case, Eq. 3 becomes
d [PW dS(X)] + k2L2P(X)S(X) = 0 . (21)
interesting series of dimpled discoidal surfaces, ranging
from a sphere at a = 1 to a closed torus at a = 2.
Combining Eqs. 21 and 23 one can solve for the second-
order characteristic function (the first symmetric function
after S0[X] = 1), and the corresponding separation con-
stant
S2(AX) = 1- ( sin2 (rX),
k2L2= 2ir 21/(# _ 1),
(24a)
(24b)
where
A= (2 + a)/(1 + a). (24c)
As they must, Eqs. 24 reduce to the known second-order
Legendre polynomial solution for a sphere at a = 1.
Furthermore, combining Eqs. 23 and 24c, it can be verified
that
In general, a particular p(X) defines a family of possible
surface elevation profiles, z(p), which can be computed by
integration over
dz(p) I[L dX\2 11/2
dp ±a [adp/ J22
We examine now the results for a new specific p(X),
p(X) = [sin (irX)]a, (23)
a simple analytical form that reduces to that for a sphere at
a = 1. As shown in Fig. 6, this function generates an
1.0
1.0 0 1.0
Q
FIGURE 6 A series of cross sections derived by numerical integration
over Eq. 22 for surfaces defined by Eq. 23. Values of parameter a range
from 1.0 (outermost) to 2.0 (innermost) in equal intervals of 0.1. The
minimum possible value of (Lla) (corresponding to the maximum value
of dp/dX) is used in each case.
A op(X)dA( = 4'
fsin' (i7rX)p(X)dX
(25)
the precise relationship that must hold for the orthogonal-
ity relationship (see Appendix),
f S0(X)S2(X)p(X)dX = 0,
to be preserved.
Taking Eq. 25 (i.e., the requirement of orthogonality) as
defining the value of A, Eqs. 24a and 24b can be used as
approximate empirical expressions for other surface geom-
etries.3 This idea forms the basis of the data analysis
methods outlined below for general discoidal surfaces. We
can test the accuracy of this approach on oblate ellipsoids,
where (L/a) (see Eq. 20), p = sin 0, and X = E(O\sin-1e)/
(L/a) can be evaluated explicitly as functions and integrals
over equatorial angle 0 = cos -'1 (see Fig. 1 c).
Parameter ,B, calculated according to Eq. 25 by numer-
ical integration, ranges from 1.5 for a sphere at E2 = 0, to
1.45 for an ellipsoid at E2 = 0.75, to 1.42 for a disk at 62 = 1.
The corresponding values of k2a2, calculated according to
Eqs. 20b, c, and 24b, range from 6.0 at E2 = 0 (the exact
value), to 10.9 at E2 = 0.75, to 16.6 at 2 = 1 (a value -13%
too high). The corresponding characteristic functions, cal-
culated according to Eq. 24a, are shown as the solid circles
in Fig. 5. The values of S2(p) calculated in this way are
exact for c2 = 0, in good agreement with the Legendre
polynomial expansion for E2 = 0.75, and remarkably accu-
rate for E2 = 1.
3In the original version of this manuscript, Eq. 24a was presented solely as
an empirical, approximate solution of Eq. 21, which was shown to work
well for oblate ellipsoids. Thanks are due to an anonymous reviewer for
demonstrating that the exact problem (i.e., the form of p[X] in Eq. 23)
could be found for this solution.
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EXPERIMENTAL METHODS AND RESULTS
The optical system for fluorescence photobleaching mea-
surements has been described previously (5, 7). The appa-
ratus is centered about a modified research microscope
equipped with a fluorescence vertical illuminator. The
input optics of the microscope perform three principal
functions: shaping the laser beam profile, scanning the
laser beam across the sample when necessary, and switch-
ing between the monitoring and bleaching beams. Fluores-
cence is detected with a thermoelectrically cooled photo-
multiplier tube and quantitated with photon-counting
electronics.
We have developed two alternative experimental
approaches. In the first, we measure spatially resolved
fluorescence distributions, and compute estimates of Mq(t)
and k' by numerical integration. In the second, we obtain
estimates of Mq(t) from the single trace of fluorescence
recovery measured with a stationary laser beam. These are
considered in turn below.
Fluorescence Redistribution with a
Scanning Laser Beam
A servoactivated galvanometric optical scanning mirror
controls the precise input angle of the incident beam, and
hence the position on the sample of the beam along a scan
N-
A I
axis. Uncoated beamsplitters and shutters work in combi-
nation to switch between monitoring and bleaching. This
arrangement is especially useful for the spatially resolved
normal-mode analysis. Because the bleaching and monitor-
ing beams are physically separated between the two
beamsplitters, either beam can be selectively modified
without affecting the other. Thus, the profile of the bleach-
ing beam can be shaped (e.g., defocused to a line or a
diffuse spot) to best produce the spatial distribution of a
particular characteristic function. Monitoring is per-
formed as a series of linear scans with a tightly focused spot
for maximum spatial resolution. Alternatively, one can
illuminate the sample uniformly and record fluorescence
images with a low-light-level image-intensified video cam-
era (22).
Values of c(x, t), dX/dx, X(x), and L are estimated from
experimental values of F(x, -) and F(x, t), the fluores-
cence intensity at position x along the linear scan axis
before bleaching and at time t after bleaching, respectively.
These are combined to calculate M2(t) and k2 according to
the empirical methods of the section entitled Other Discoi-
dal Surfaces. Data analysis is based on the following
assumptions.
(a) The fluorescence recorded within an incremental
distance dx along the scan axis is proportional to the
product of the concentration of intact fluorophore at that
1.01
.l
-
x
If.O
0.5s
0A . I I I I . .
-4 -2 0 2 4
x (,m) t(s)
-3
30
FIGURE 7 Fluorescence photobleaching data for a human erythrocyte labeled with NBD-PE (T = 1 80C). Left: Stack of individual 24-point
fluorescence scans recorded at 0.768 s intervals before and after bleaching. Lower right: Linear sequence of the same data as recorded as a
function of time. Upper right: Normalized values of M2(t) calculated according to Eqs. 24a, 25, 27, and 29 for each scan (0). The
corresponding solid curve is the nonlinear least-squares best fit to an exponential plus a constant.
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point times the incremental change of membrane contour
length within dx, i.e.,
F(x, t)dx a c(x, t) d dx. (26)
This would not necessarily be true, because of polarization
effects, if the order parameters of the absorption and/or
emission transition dipoles, relative to a vector perpendicu-
lar to the membrane surface, are not nearly zero (see, for
example, Fig. 2 of reference 18). To minimize deviations
from Eq. 26, the polarization of the incident laser beam is
set perpendicular to the scan axis, and hence is very nearly
in the plane of the membrane all along the scan, regardless
of membrane curvature at the edges. Combining Eqs. 4,
21, and 26, we have (within a constant of proportionality)
r~~~. ~~dX dM2(t) = Jc(x, t)S2(X)p(x) | dx
- f F(x, t)S2(X)p(x) dx. (27)
(b) The concentration of fluorescent label is uniform
initially, before bleaching; so that, from Eq. 26
F(x, -)dx a dx . (28)dx
This allows us to compute X as a function of x along the
scan axis
IA(X)-21 2f|F(x', -)dx'
X()-- -1
2 2 fF(x', -)dx'
(c) At at least one point along the scan axis (designated
as x = xj), the membranes are nearly flat and perpendicu-
lar to the optical axis. The fluorescence excited at this
point, recognizable as a minimum in the prebleach fluo-
rescence scan, can then be used for normalization purposes
to calculate absolute values of L. We have then,
L = f [F(x, -)/F(x., -)] dx. (30)
Combined with Eqs. 24b and 25, this relationship yields
the required absolute values of k2.
This approach is demonstrated with data from an intact
normal discoidal human erythrocyte labeled with the ex-
ogenous fluorescent lipid probe N-4-nitrobenzo-2-oxa-1,3-
diazole phosphatidylethanolamine (NBD-PE). The lower-
right inset to Fig. 7 presents the entire linear sequence of
1,008 data points, each corresponding to the number of
fluorescence photons detected in an 8-ms counting interval.
The left side of the figure displays the data again, arranged
this time into a stack of individual 24-point scans recorded
at 0.768-s intervals (192-ms scans with 576-ms pauses
between scans).
The cell is bleached for 8 ms at the center of the fifth
(29)
scan with a defocused laser spot, depleting the central
region of the surface, and maximizing the initial amplitude
of S2(A) (A2 in Eq. 2) relative to the other coefficients.
Fluorescence redistribution back to the central region is
seen to occur rapidly after bleaching. By the last scan, the
original form of the prebleach distribution is regained
almost completely. Values of M2(t) are calculated for each
scan by numerical integration according to Eqs. 24a, 25,
27, and 29. These are plotted in the upper-right corner.
The solid curve superimposed is the nonlinear least-squares
best fit to an exponential plus a constant corresponding to
an apparent 6% immobile component. The decay rate of
the exponential (Dk2), combined with k2 calculated
according to Eqs. 24b, 25, and 30, gives D = 1.75 x 10-9
cm2/s.
Fluorescence Recovery with a Stationary
Laser Beam
The sample is bleached and monitored with a stationary
laser beam of relative intensity profile Io(J2). F(t), the
fluorescence intensity measured as a function of time after
bleaching, is a surface integral over the concentration
distribution
F(t) = fc(42, t) I0(Q2)h2h3d 2d,3, (31)
a form reminiscent of the definition of moment MQ(t) (Eq.
4). In fact, because IJ(O2) can be expressed as a linear
combination of characteristic functions, F(t), in general, is
a linear combination of moments; i.e.,
F(t) = ZB.M.(t).
n
(32)
If IA(42) and/or c(Q2, t) are designed to closely approximate
a particular characteristic function (to within a constant
offset), then
F(t) = B0M. + BQ MQ(t)
= (1- y) F(-) + BQ MQ(t), (33)
where F(-) is the prebleach fluorescence intensity and y
the fraction of molecules bleached. This relationship is
expected to be particularly accurate for small Q (i.e., 9 = 1
or 2, depending upon bleaching symmetry), because all
residual higher-order terms would decay rapidly to zero.
This analysis is analogous to that described by Smith et al.
(9) for periodic pattern bleaching.
We can check the validity of this approach using the
data of Fig. 7. By numerical integration over each fluores-
cence scan, we calculate what F(- ) and F(t) would have
been if the fluorescence recovery had been monitored with
an attenuated stationary laser beam of the same profile as
the bleaching beam. This can then be compared to the
prediction of Eq. 33, by plugging in the diffusion rate
calculated above in the full spatially resolved analysis. For
the purpose of this exercise, y is calculated by numerical
integration over pre- and postbleach scans. In actual
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practice, y could be determined by measuring the total
fluorescence excited by uniform illumination before and
after the photobleaching experiment.
The open circles of Fig. 8 are the simulated values of
F(t)/F(-), calculated with a laser beam profile estimated
from the initial bleached pattern to be a Gaussian with a
2.65 ,m 1l/e2 radius. The solid curve superimposed on the
data is the fit to Eq. 33 calculated with B2 as the only
floating parameter. For comparison, the dashed curve is
the fluorescence recovery that would be expected (calcu-
lated according to Eq. 12 of reference 6) if the fluorescent
probe were free to diffuse with the same diffusion coeffi-
cient on an unbounded plane. At short times (t << a2/4D t
15s), before probe molecules can diffuse over distances
comparable to cellular dimensions, the curves are similar,
as expected. At longer times, the cell boundaries introduce
the marked differences observed. In the bottom curve of
the figure, finally, this hypothetical recovery on an
unbounded plane is shown rescaled and shifted to give the
same long-time asymptote as the actual data.
DISCUSSION
The general solution of the equation governing lateral
diffusion on a bounded membrane surface is a sum of
orthogonal characteristic functions, with the amplitude of
each term decaying exponentially with a characteristic
decay rate proportional to the diffusion coefficient. In the
normal-mode analysis, one imposes an initial concentration
distribution approximating one of the lower-order charac-
teristic functions, and follows the subsequent amplitude of
that term as a function of time. The initial nonuniform
distribution is usually formed by fluorescence photobleach-
ing, but can be formed by other techniques, including
membrane fusion (23, 24), electrophoresis (25) and toxin
inactivation (26).
The diffusion equations for the surfaces of oblate and
prolate ellipsoids of revolution have analytical solutions
only in certain limiting cases: the sphere (oblate or prolate
ellipsoid as -2 0), and the disk (oblate ellipsoid as E2 .
1). In the analysis above, intermediate cases were solved as
Legendre polynomial power series expansions, including
terms up to order E8. Perturbation analysis indicates that
these solutions are quite accurate for prolate ellipsoids over
the entire range of e2 (0 (2 < 1), but are significantly
different for oblate ellipsoids from the known analytical
solution for disks at E2 = 1.
The theoretical analyses of surface diffusion rates on
ellipsoids produced two surprising results. The rates of
redistribution on prolate ellipsoids with E2 near 1 are larger
than those for uniform cross-section rods of equal length
(see Figs. 2 and 3). This is true despite the fact that h2dA2,
the length of displacement in the plane of the membrane
corresponding to incremental change d42 along the long
axis, is always larger for a prolate ellipsoid than it is for the
corresponding rod. A detailed analysis indicates that the
1.0
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FIGURE 8 Fluorescence photobleaching recovery with a stationary laser
beam. 0, calculated values of what F(t)/F(-) would have been if the
spatially resolved fluorescence redistribution of Fig. 7 had been monitored
with an attenuated stationary laser beam of the same profile as the
bleaching beam. -, theoretical fit according to simplified theory (Eq.
33), plugging in the diffusion rate calculated in the full analysis of Fig. 7.
---, fluorescence recovery that would be expected if the fluorescent probe
were free to diffuse on an unbounded plane. -.-, dot-dashed curve
rescaled and shifted for further comparison.
slowing effect of an increased h2 can be more than
compensated for by h3, the scale factor incorporating the
contour of the cross-section perpendicular to the long axis.
Variations in h3 along the long axis can amplify concentra-
tion changes as molecules diffuse through regions of
varying area per unit length.
To a remarkable degree, the relaxation rates on an
oblate ellipsoidal surface are nearly identical to those
characteristic of a sphere with an equatorial circumference
equal to the circumference of the ellipse. Applied to the
c2 = 1 limit, this relationship, in fact, leads to an approxi-
mate solution for the roots of dJW(x)/dx (xn = [(2n -
2)(2n
-1)]1/27r/2; n = 1, 2, . . .) considerably better than
that given in many texts (e.g., reference 16, p. 1565).
Intuitively, one might expect the same relaxation rates
from spheres and oblate ellipsoids of equal surface area.
The corresponding values, however, are not nearly as
accurate as those predicted by the linear circumference.
A simple analytical solution (Eqs. 24) has been found
for surface diffusion on a series of dimpled discoids (Fig.
6). This solution, moreover, has been shown to map onto
the surfaces of oblate ellipsoids to a surprising degree of
accuracy (see Fig. 5). On the basis of these observations, it
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is proposed that this solution could serve well as a general
one for the analysis of photobleaching data on a variety of
discoidal surfaces.
Two alternative experimental approaches implementing
the method have been described. The first requires com-
plete, spatially resolved measurements of the evolving
fluorescence distribution. The amplitude of the normal
mode of interest is computed for each fluorescence scan by
numerical integration. All geometrical parameters needed
for the analysis are determined from the prebleach scans.
The implementation of this approach is relatively difficult
technically, but should be facilitated by the current growth
of image-intensified digital video technology.
The second approach is much simpler technically,
requiring only the measurement of a single trace of fluores-
cence recovery excited with a stationary laser beam. Fluo-
rescence excitation with suitable monitoring beam profiles
optically computes a surface integral approximating that
for the normal-mode amplitude. The validity of this
approach was demonstrated with a simulated trace of
fluorescence recovery (Fig. 8) computed numerically from
a set of full spatially resolved fluorescence scans (Fig. 7).
The relaxation kinetics of the two analyses were identical
within experimental error. Absolute determinations of D
from fluorescence recovery kinetics, however, require inde.-
pendent estimates of membrane geometry.
Conventional analysis of localized fluorescence photo-
bleaching recovery experiments assumes an extended
membrane geometry, such that the localized depleted area
is continuous with an effectively infinite reservoir of
unbleached membrane, without interference from mem-
brane boundaries (see Fig. 8). The normal-mode analysis,
on the other hand, is designed to work with membranes
comparable in size to the depleted area. While this makes
the method impractical for very large membranes, it opens
the way for the exciting possibility of characterizing cells,
vesicles and organelles too small for conventional analysis.
APPENDIX
Orthogonality of Characteristic Functions
Consider the general form of the Liouville equation
d [Ax) dx() + [q(x) + k2r(x)] S(x) = 0, (Al)
with x covering the range xi s x x2 (compare with Eq. 3). We wish to
examine the conditions necessary to have mutually orthogonal eigenfunc-
tions, i.e.,
fX2 S1(x)Sj(x)r(x)dx = 0 (if i : j) . (A2)
In the usual way, multiplying Eq. Al for S,(x) by S2(x), multiplying Eq.
Al for S2(x) by SI(x), subtracting and integrating over x, it is straight-
forward to show that Eq. A2 holds for k, : k] if, and only if,
p(x) -Si(X)dx-Si(X)dS}
-p(x2) ISi(X i . (A3)
For Eq. 6, condition A3 is true because x, and x2 are the same point. For
Eqs. IOa, lOb, 12, and 21, both sides of Eq. A3 are equal to zero. This is
true for Eqs. IOa, lOb, and 21 because both end points are singular points
[p(x,) = p(x2) = 0] and S(x) is finite. For Eq. 12, x, is a singular point,
but x2 is not. Eq. A3 still holds, however, because symmetry dictates that
(dS/dx)xX2 = 0.
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